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Introduction 
 

The r-modes are the neutral circular currents on 

the surface of Neutron Stars (NSs) that couple to 

gravitational radiation where the Coriolis force 

provides the true dynamics [1, 2, 3]. The r-modes 

evolve with time dependence eiωt-t/τ, where ω is the 

real part of the r-mode frequency given by 

ω=
(l−1) (l+2)

(l+1)
 Ω, where Ω is the angular velocity of 

the pulsar.  The reciprocal of the imaginary part 

time-scale is 
1

τ
=

1

τG
+

1

τv
, with  τG being the 

gravitational time-scale and  τvis is the sum of the 

reciprocal of all the different viscous time-scales. 

The locus of the points defined by 
1

τ
= 0 gives the 

r-mode instability. A newly born NS in type-II 

supernovae has a temperature of the order of 1011 

K and a rotational frequency close to its Kepler 

limit (νK = ΩK/2π). As the star cools due to 

neutrino emission and reaches the instability 

boundary in the high temperature branch, the r-

mode instability sets in and the amplitude α goes 

on increasing until saturation is reached due to 

non-linear effects [4 and references therein]. 

 

In this work we focus mainly on the spin 

down features of new born NS pulsars using 

KDE0v1 interaction by using the method 
proposed by Owen et al [5]. Here we have limit 

ourselves to the case of npeμ matter.  

 

Formalism 
 

The evolution equations, obtained from the 
energy and angular momentum conservation 
laws are given by [4,5,6,7] 

𝑑𝛼

𝑑𝑡
= −𝛼 (

1

𝜏𝐺𝑅
+

1

τv
(

1−𝑄𝛼2

1+𝑄𝛼2)),  …(1) 

 
𝑑𝛺

𝑑𝑡
= −

2𝛺𝑄𝛼2

τvis
(

1

1+𝑄𝛼2),   …(2) 

 
 
𝑑𝑇

𝑑𝑡
= −

1

Cv
(𝐿𝜈 − 𝑃𝑉),   …(3) 

 
 
where, the symbols have their usual meaning 

as discussed in Ref. [4]. At saturation, 
𝑑𝛼

𝑑𝑡
= 0 , 

and Eqs.  (1) and (2) become 
 

1

𝜏𝐺𝑅
= −

1

τv
(

1−𝑄𝛼2

1+𝑄𝛼2), …(4) 

and 
 
𝑑𝛺

𝑑𝑡
= −

2𝛺𝑄𝛼2

|𝜏𝐺𝑅|
.   …(5) 

 
The time evolution temperature in Eq. (3) 
becomes 
 
𝑑𝑇

𝑑𝑡
= −

1

Cv
(𝐿𝜈 + 𝑃𝐺),   …(3) 

 
We compute the steady state spin-down path 

inside the region of r-mode instability using the 

constant amplitude approximation, as was done 

by Owen et al [5].  The spin-down occurs in a 

thermally steady state where the cooling equals to 

the dissipative heating [8,9], 

 𝐿𝜈 + 𝑃𝐺  = 0.    …(4) 
From this condition, one can obtain the thermal 

steady state spin down angular velocity as a 

function of the temperature Ω(T). 
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Results and Discussion 

 
We have calculated the r-mode instability 

boundary for 1.4 solar mass NS by solving the 

equation 
1

τ
= 0, that is shown in Figure. 1 with 

dashed-dot line by using KDE0v1 interaction. 

The area above the instability boundary where 
|τG| < τv , represents the unstable region, and the 

area below the instability boundary where |τG| > 

τv , represents the stable region. The thermal 

steady state spin-down path followed by the NS 

pulsar is shown inside the region of instability in 

the same Fig. by thin long-dashed line, which is 

the solution of Eq. (4). The numerical solution of 

Eq. (5) with initial rotational velocity Ωi = 0.8 ΩK 

(continuous thick line) is also shown in the same 

figure, i.e., a new born NS, that is born with high 

temperature is assumed to enter the instability 

region with initial angular velocity 0.8 times the 

Kepler angular velocity. The value of  𝛼 is 

assumed to be 10−6. 

 

 

It is found that both the results for the spin-
down path obtained from the steady state 
condition, 𝐿𝜈 + 𝑃𝐺 = 0   and from the numerical 

solution of Eq. (5) are in perfect agreement.  
Ω𝑓

Ω𝐾
 

is found out to be 0.1620 where Ω𝑓 is the final 

angular velocity at which the star leaves the 
instability boundary, and the corresponding 
temperature is found to be 1.08 × 108 K. The 
spin down time is calculated to be 1.1 × 1011 
years.  
 

Conclusion 

The r-mode spin-down feature provides a 

probable explanation for the low rotational 

frequency for the young NS pulsars. 

 

 

 

 

 

 

 

 

 

 
 

  

Fig. 1.  Thermal steady state paths from equation 

(4)  (thin long-dashed line) and from the 

numerical solution of equation (5) with initial 

rotational velocity Ωi = 0.8 ΩK (continuous thick 

line) inside the r-mode instability region for 1.4 

solar mass pulsar NS. 

 

References 
 

[1] Andersson, N. 1998, ApJ, 502, 708. 

[2] Friedman, J. L., & Morsink, S. M. 1998, ApJ, 

502, 714. 

[3] Mahmoodifar S., et al. 2013, The 

Astrophysical Journal, 773, 140. 

[4] Routray T R, et al. 2021, Phys. Scr 96, 

045301. 

[5] Owen B J, et al. 1998,  Phy. Rev.D 58 

084020. 

[6] Levin Y 1999 Astrophys. J 517 328. 

[7] Ho W C and Lai D 2000, Astrophys. J 543 

386. 

[8] Bondarescu R, Teukolsky S A and 

Wasserman I 2009, Phys. Rev.D 79 104003. 

[9] Alford M G and Schwenzer K 2014, 

Astrophys. J 781 26. 

 

Proceedings of the DAE Symp. on Nucl. Phys. 66 (2022) 775

Available online at www.sympnp.org/proceedings


