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Introduction
The radial Schrdinger equation is one of the

most common equations in Mathematical physics.
Its solution gives the probability amplitude of
finding. It is known that the exact solution for
Schrdinger equation is found only in few cases.
The lack of explicit expression for eigenfunc-
tions and the energy eigenstates in many cases in
mainly due to the centrifugal term 1

r2 present in the
equation. The use of Hulthen potential is good ex-
ample to get rid of this problem. The Schrdinger
Wave Equation can be solved exactly for only few
cases of potential for all n and l.

The Hulthen potential is one of the important
short-range potentials which behaves like a
Coulomb potential for small values of r and
decreases exponentially for large values of r. The
Hulthen potential has received extensive study
in both relativistic and non-relativistic quantum
mechanics. However, the radial SWE for the
Hulthen potential were exactly solvable for l 6= 0,
analytically, but an exact wave function and
energy eigen values are obtained at l = 0 using
graphical method.

Theoretical Background
The Schrdinger wave equation is given by[

− h̄2

2m
∇

2 +VH(r)
]
Ψ(r) = EΨ(r) (1)

The potential VH(r) is given by,

VH(r) =−Ze2
δ

e−δ r

1− e−δ r , (2)
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where δ is the screening parameter and Z is a
constant that is identified with the atomic num-
ber when the potential is used for the atomic phe-
nomenon.

The radial part of SWE for the Hulthen poten-
tial is given by

[ d2

dr2 +
2
r

d
dr
− 2mE

h̄2 +
2m
h̄2 Ze2

δ
e−δ r

1− e−δ r −
l(l +1)

r2

]
ψn(r)= 0

Where ψn(r) = rR(r)
Where l is a constant responsible for separation

of radial part of SWE from its angular part.
Using the D-dimensional polar coordinates

with polar variable r (hyper radius) and the angu-
lar momentum variable θ1,θ2,θ3, ......θD−2,φ (hy-
per angle), the Laplacian operator can be written
as,

(5D)
2 = r1−D ∂

∂ r

(
rD−1 ∂

∂ r

)
+

(ΛD)
2(Ω)

r2 (3)

where (ΛD)
2(Ω) is a partial differential operator

on the unit sphere SD−1 (Laplace-Betrami oper-
ator or grand orbital operator) and it is defined
analogously to a three-dimensional (3D) angu-
lar momentum as (ΛD)

2(Ω) = −ΣD
i≥ j(Λ

2
i j),where

Λ2
i j = xi

∂

∂x j
− x j

∂

∂xi
for all Cartesian components

xi of the D-dimensional vector (x1,x2,x3, .....xD).
The D-dimensional Schroedinger equation has

the form,

− h̄2

2M
(5D)

2
Ψnlm(r,Ω)+V (r)Ψnlm(r,Ω)=EΨnlm(r,Ω)

(4)
The hyper radial equation for the Hulthen po-

tential can be written as follows:
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Rnl”(r)+
D−1

r
+

l(l +D−2)
r2 Rnl(r)

+
2M
h̄2

[
E +Zδ

e−δ r

1− e−δ r

]
Rnl(r) = 0 (5)

where Rnl(r) is the hyper-radial part of the
wave-function, E is the energy eigenvalue, l is the
orbital angular momentum quantum number and
nr is the hyper-radial quantum number. Equation
(2.2.6) is called the D-dimensional hyper-radial
Schrdinger equation for the Hulthen potential.

Eigenvalues of the Hulthen potential in D-
dimensions can be solved using the Nikiforov-
Uvarov method. If we define,

Rnl(r) = r−
(D−1)

2 Unl(r) (6)

in above equation,

U ′′nl(r)+
[2M

h̄2

(
E +Zδ

e−δ r

1− e−δ r

)
− (2l +D−1)(2l +D−3)

4r2

]
Unl(r) = 0 (7)

The above equation is similar to the 1D
Schrdinger equation for the Hulthen potential. We
can extend the solution to a multidimensional case
using the Nikiforov-Uvarov method to yield:

En
D =−1

2

[ 2
2n+D−3

−
(2n+D−3

4

)
δ

]2
(8)

where n is the principal quantum number given
as n = nr + l + 1. The critical screening param-
eter δc (for which En = 0), can be obtained from
equation as δc = 8/(2n+D−3)2 for D > 3.

Results and Discussions
For a fixed value of angular momentum quan-

tum number l, the energy spectrum increases as
the principal quantum number nr increases for a
small screening parameter δ . As increase in an-
gular momentum quantum number l, leads to an
increase in the energy spectrum as the principle
quantum number increases for a varying screen-
ing potential. In other words for a weak poten-
tial coupling strength, solutions are ignored due

to the presence of imaginary terms and the energy
spectrum is not complex but real. Beyond this, we
can observe from the table, the energy eigenvalue
is strongly bounded and an increase in rotational
quantum number l makes the energy become at-
tractive with increasing δ .

FIG. 1: Energy Spectrum [Red→ δ=0.02 , Green→
δ=0.05, Blue→ δ=0.2]

The difference between various methods be-
come more apparent for large values of δ param-
eters and appear due to the approximation of the
centrifugal term, which simply means that the bet-
ter the accuracy in calculating energy eigenval-
ues the better the approximation of the centrifugal
term, and hence the whole model.
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